ABSTRACT. The goal of this paper is to study the homotopy theory of homotopy algebras over a Koszul operad with their infinity morphisms. The method consists in endowing the category of coalgebras over the Koszul dual cooperad with a model category structure.
INTRODUCTION
In his seminal paper [Qui69] , Quillen developed Rational Homotopy Theory by proving that several homotopy categories are equivalent. These homotopy categories are defined as localization with respect to weak equivalences, which are often quasi-isomorphisms. However, this result relies on a strong connectivity assumption.
Hinich [Hin01] and then Lefevre-Hasegawa [LH03] showed how to bypass this assumption by considering on cocommutative and coassociative coalgebras respectively a class of weak equivalences, which is stricly included inside the class of quasi-isomorphisms.
In the present paper, we extend Hinich and Lefevre-Hasegawa results to any category of conilpotent coalgebras over the Koszul dual of a Koszul operad: we endow them with a model category structure. This method allows us to prove the following main result, which gives a presentation of the homotopy categories of differential graded algebras over a Koszul operad in terms of ∞-morphisms.
Theorem (Theorem 3.1 and 3.2).
Let P be a Koszul operad. Any ∞-quasi-isomorphism of P ∞ -algebras admits a homotopy inverse.
The following categories are equivalent
Ho(dg P-alg) Ho(∞-P ∞ -alg) ∞-P ∞ -alg/ ∼ h ∞-P-alg/ ∼ h .
Layout. The paper is organized as follows. We begin by some recollections on operadic homological algebra and on the model category for algebras. In the second section, we endow the category of coalgebras over a Koszul dual cooperad with a model category structure.
Prerequisites. The reader is supposed to be familiar with the notion of an operad and operadic homological algebra, for which we refer to the book [LV12] . In the present paper, we use the same notations as used in this reference.
Framework. Throughout this paper, we work over a field K of characteristic 0. Every chain complex is Z-graded with homological degree convention, i.e. with degree −1 differential. All the S-modules M = {M (n)} n∈N are reduced, that is M (0) = 0.
RECOLLECTIONS
In this section, we recall the main results about algebras over an operad [LV12, , the Koszul duality theory of operads [GCTV09, Appendix A] and a model category structure for algebras [Hin97] .
1.1. Operad and cooperad. Recall that a differential graded operad (respectively a differential graded cooperad) is a monoid (resp. a comonoid) in the monoidal category (dg S-Mod, •, I) of differential graded S-modules. A dg operad P (resp. a dg cooperad C) is called augmented (resp. coaugmented) when it is equipped with an augmentation morphism : P → I of dg operads (resp. with a coaugmentation morphism η : I → C of dg cooperads).
1.2. Algebra and coalgebra. Let P be a dg operad. A dg P-algebra (A, γ A ) is a left P-module concentrated in arity 0: γ A : P(A) := P • A = n≥1 P(n) ⊗ Sn A ⊗n → A .
A morphism of dg P-algebras is a morphism of dg modules f : A → B which commutes with the structure maps, i.e. f γ A = γ B P(f ). This category is denoted by dg P-alg. Dually, let C be a dg cooperad. A conilpotent dg C-coalgebra (C, ∆ C ) is a left C-comodule concentrated in arity 0:
This category is denoted by conil dg C-coalg.
In general, one defines the notion of a C-coalgebra with the product and invariant elements:
Sn . Since we work over a field of characteristic 0, we can identify invariant and coinvariant elements. We restrict here to the case where the image of the coproduct lies in the sum. We refer to [LV12, Chapter 5] for more details.
A dg P-algebra A (resp. a dg C-coalgebra C) is called quasi-free when its underlying graded module, i.e. after forgetting the differential map, is isomorphic to a free P-algebra: A ∼ = P(V ) (resp. to a cofree C-coalgebra: C ∼ = C(V )).
1.3. Operadic homological algebra. Let P be a dg operad and let C be a dg cooperad. The graded vector space of S-equivariant maps Hom S (C, P) := n≥1 Hom Sn (C(n), P(n)) from C to P carries a natural dg Lie algebra structure, called the convolution Lie algebra. An operadic twisting morphism α ∈ Tw(C, P) is an element α : C → P of the convolution Lie algebra which satisfies the Maurer-Cartan equation:
This operadic twisting morphism bifunctor is represented by the the bar construction and by the cobar construction on both sides respectively Hom dg Op (ΩC, P) ∼ = Tw(C, P) ∼ = Hom dg coOp (C, BP) .
So these latter ones form a pair of adjoint functors.
B : augmented dg operads conilpotent dg cooperads : Ω .
Any twisting morphism α ∈ Tw(C, P) gives rise to twisted differentials d α on the composite products C • P and P • C. The resulting chain complexes are called left and right twisting composite product and are denoted C • α P and P • α C respectively, see [LV12, Chapter 6].
1.4. Bar and cobar constructions on the algebra level. Let α ∈ Tw(C, P) be an operadic twisting morphism. Let (A, γ A ) be a dg P-algebra and let (C, ∆ C ) be a dg C-coalgebra. We consider the following unary operator α of degree −1 on Hom(C, A):
A twisting morphism with respect to α is a linear map ϕ : C → A of degree 0 which is a solution to the Maurer-Cartan equation ∂(ϕ) + α (ϕ) = 0. The space of twisting morphisms with respect to α is denoted by Tw α (C, A).
This twisting morphism bifunctor is represented by the the bar construction and by the cobar construction on both sides respectively
So they form a pair of adjoint functors. The underlying spaces are given by a cofree C-coalgebra, B α A = C(A), and by a free P-algebra, Ω α C = P(C), respectively. For more details, see [LV12, Chapter 11].
1.5. Koszul duality theory. Let (E, R) be a quadratic-linear data, that is R ⊂ E ⊕ T (E) (2) . It gives rise to a quadratic operad P := P(E, R) = T (E)/(R), where T (E) stands for the free operad on E and where (R) stands for the ideal generated by R.
Let q : T (E) T (E) (2) be the projection onto the quadratic part of the free operad. The image of R under q, denoted qR, is homogeneous quadratic. So the associated quotient operad qP := P(E, qR) is homogeneous quadratic. We consider the homogeneous quadratic cooperad qP ¡ := C(sE, s 2 qR), where s denotes the suspension map. We assume that the space of relations R satisfies the condition
which means that the space of generators is minimal. Under this assumption, there exists a map ϕ : qR → E such that R is the graph of ϕ. If R satisfies the condition
which amounts to the maximality of the space of relations R, then the map ϕ induces a square-zero coderivation d ϕ on the cooperad qP ¡ . For more details, we refer the reader to [GCTV09, Appendix A] and to [LV12, Chapter 7] . From now on, we will always assume the two conditions (ql 1 ) and (ql 2 ).
The dg cooperad There is a canonical operadic twisting morphism κ ∈ Tw(P ¡ , P) defined by the following composite
The associated twisted composite product P • κ P ¡ (resp. P ¡ • κ P) is called the Koszul complex.
Definition 1.1.
(1) A homogeneous quadratic operad is called a homogeneous Koszul operad when its Koszul complex is acyclic. (2) An operad P is called a Koszul operad when its quadratic-linear presentation satisfies conditions (ql 1 ) and (ql 2 ) and when the associated homogeneous quadratic operad qP is homogeneous Koszul.
When an inhomogeneous operad P is Koszul, then its Koszul complexes P • κ P ¡ and P ¡ • κ P are acyclic.
1.6. Weight grading. In the present paper, we will require an extra grading, other than the homological degree. We work over the ground category of weight graded dg S-modules. This means that every dg S-module is a direct sum of sub-dg S-modules indexed by this weight
d , where d stands for the homological degree and where ω stands for the weight grading. In this context, the free operad is a weight graded dg operad, where the weight is given by the number of generators, or equivalently by the number of vertices under the tree representation. This induces a filtration on any quadratic operad P = T (E)/(R), where
R .
The underling cooperad of any Koszul dual cooperad is connected weight graded:
The coderivation d ϕ of the Koszul dual cooperad does not preserves this weight grading but lowers it by 1:
.
1.7. Homotopy algebra. We denote by P ∞ := ΩP ¡ the cobar construction of the Koszul dual cooperad of P. When the operad P is a Koszul operad, this is a resolution P ∞ ∼ − → P of P. Algebras over this dg operads are called P ∞ -algebras or homotopy P-algebras.
A P ∞ -algebra structure on a dg module A is equivalently given by a square-zero coderivation, called a codifferential, on the cofree P ¡ -coalgebra P ¡ (A):
By definition, an ∞-morphism of P ∞ -algebras is a morphism
of dg P ¡ -coalgebras. The composite of two ∞-morphisms is defined as the composite of the associated morphisms of dg P ¡ -coalgebras:
The category of P ∞ -algebras with their ∞-morphisms is denoted by ∞-P ∞ -alg. An ∞-morphism between P ∞ -algebras is denoted by A B to avoid confusion with the classical notion of morphism.
of this map is a morphism of chain complexes. When this is a quasi-isomorphism (resp. an isomorphism), we say that the map F is an ∞-quasi-isomorphism (resp. an ∞-isomorphism). One of the main property of ∞-quasi-isomorphisms, which does not hold for quasi-isomorphisms, lies in the following result. So being ∞-quasi-isomorphic is an equivalence relation, which we call the homotopy equivalence. A complete treatment of the notion of an ∞-morphism is given in [LV12, Chapter 10] 1.8. The various categories. We apply the arguments of Section 1.4 to the universal twisting morphism ι : P ¡ → ΩP ¡ = P ∞ and to the canonical twisting morphism κ : P ¡ → P. This provides two bar-cobar adjunctions respectively. By definition of ∞-morphisms, the bar construction B ι : P ∞ -alg → conil dg P ¡ -coalg extends to a functor B ι : ∞-P ∞ -alg → conil dg P ¡ -coalg. This latter one actually lands in quasi-free P ¡ -coalgebras, yielding an isomorphism of categories. These various functors form the following diagram.
. Let P be a Koszul operad.
(1) The functors
form a pair of adjoint functors, where i is right adjoint to Ω κ B ι . (2) Any homotopy P-algebra A is naturally ∞-quasi-isomorphic to the dg P-algebra Ω κ B ι A:
The dg P-algebra Ω κ B ι A, homotopically equivalent to the P ∞ -algebra A is called the rectified Palgebra. We refer the reader to [LV12, Chapter 11] for more details.
1.9. Homotopy categories. Recall that the homotopy category Ho(dg P-alg) (resp. Ho(∞-P ∞ -alg)) is the localization of the category of dg P-algebras with respect to the class of quasi-isomorphisms (resp. P ∞ -algebras with respect to the class of ∞-quasi-isomorphisms). The rectification adjunction of Theorem 1.2 induces an equivalence of categories between these two homotopy categories. Theorem 1.3 (Theorem 11.4.12 of [LV12] ). Let P be a Koszul operad. The homotopy category of dg P-algebras and the homotopy category of P ∞ -algebras with the ∞-morphisms are equivalent Ho(dg P-alg) ∼ = Ho(∞-P ∞ -alg) .
1.10. Model category for algebras. A model category structure consists in the data of three distinguished classes of maps: weak equivalences, fibrations and cofibration, subject to five axioms. This extra data provided by fibrations and cofibrations gives a way to describe the homotopy category, defined by localization with respect to the weak equivalences. This notion is due to D. Quillen [Qui67] ; we refer the reader to the reference book of M. Hovey [Hov99] for a comprehensive presentation.
Theorem 1.4 ([Hin97]).
The following classes of morphisms endow the category of dg P-algebras with a model category structure.
The class W of weak equivalences is given by the quasi-isomorphisms; the class F of fibrations is given by degreewise epimorphisms, f n : A n B n ; the class C of cofibrations is given by the maps which satisfy the left lifting property with respect to acyclic fibrations F ∩ W.
Notice that this model category structure is cofibrantly generated since obtained by transferring the cofibrantly generated model category structure on dg modules thought the free P-algebra functor, which is left adjoint to the forgetful functor.
Following D. Sullivan [Sul77], we call triangulated dg P-algebra any quasi-free dg P-algebra (P(V ), d) equipped with an exhaustive filtration Hin97] ). With respect to the aforementioned model category structure, every dg Palgebra is fibrant and a dg P-algebra is cofibrant if and only if its a retract of a triangulated dg P-algebra.
So this model category structure is right proper.
MODEL CATEGORY STRUCTURE FOR COALGEBRAS
In this section, we endow the category of conilpotent dg P ¡ -coalgebras with a model category structure, where P is a Koszul operad.
Main theorem.
Definition 2.1. In the category of conilpotent dg P ¡ -coalgebras, we consider the following three classes of morphisms.
The class W of weak equivalences is given by the morphisms of dg P
the cobar construction is a quasi-isomorphism of dg P-algebras; the class C of cofibrations is given by degreewise monomorphisms, f n : C n D n ; the class F of fibrations is given by the maps which satisfy the right lifting property with respect to acyclic cofibrations C ∩ W.
Theorem 2.1.
(1) Let P be a Koszul operad. The aforementioned three classes of morphisms form a model category structure on conilpotent dg P ¡ -coalgebras.
(2) With this model category structure, every conilpotent dg P ¡ -coalgebra is cofibrant; so this model category is left proper. A conilpotent dg P ¡ -coalgebra is fibrant if and only if it is isomorphic to a quasi-free dg P ¡ -coalgebra.
(3) The bar-cobar adjunction
is a Quillen equivalence.
Weight filtration.
Definition 2.2. Any P ¡ -coalgebra (C, ∆ C ) admits the following weight filtration:
For instance, the first terms are
Examples.
For any cofree coalgebra P ¡ (V ), the weight filtration is equal to
(V ). In the case of the operad P = As, which encodes associative algebras, this weight filtration is equal, up to a shift, to the coradical filtration of coassociative coalgebras, see [Qui69, Appendix B] and [LV12, Section 1.2.4].
We consider the reduced coproduct∆ C (c) := ∆ C (c) − c. Its kernel is equal to Prim C := F 0 C, which we call the space of primitive elements.
(1) Its weight filtration is exhaustive: n∈N F n C = C.
(2) Its weight filtration satisfies
(3) The differential preserves the weight filtration:
Proof. The first point follows from the definition of a conilpotent coalgebra and from the fact that P ¡ is a connected weight graded cooperad. The second point is a direct corollary of the relation Proof. Let f : C → D be a filtered quasi-isomorphism of conilpotent dg P ¡ -coalgebras. We consider the following filtration on the cobar construction Ω κ C = (P(C), d 1 + d 2 ) induced by the weight filtration:
Recall
It is explicitly given by
The first page of the associated spectral sequence is equal to
which is a quasi-isomorphism by assumption. Since the weight filtration is exhaustive, this filtration is exhaustive. It is also bounded below, so we conclude by the classical convergence theorem of spectral sequences [ML95, Chapter 11]:
Proof. Since the bar construction B κ A is a quasi-free coalgebra, its weight filtration is equal to
Recall that its differential is the sum of three terms
where d 2 is the unique coderivation which extends
So, the coderivation d 2 is equal to the composite
Since the maps κ and d ϕ lowers the weight grading by 1, we get
Hence, the graded analogue of B κ f is equal to
which is a quasi-isomorphism for any n ∈ N.
Proposition 2.5. The class of weak equivalences of conilpotent dg P ¡ -coalgebras is included in the class of quasi-isomorphisms. 
Without any assumption on the connectivity of the underlying chain complexes, the aforementioned inclusion can be strict. Examples of quasi-isomorphisms, which is not weak equivalences, are given in [Hin01, Section 9.1.2] of dg cocommutative coalgebras and in [LH03, Section 1.3.5] of dg coassociative coalgebras.
The following diagram sums up the aforementioned propositions. filtered quasi-isomorphisms _
quasi-isomorphisms
Bκ 1 1 weak equivalences
Theorem 2.6. Let P be a Koszul operad.
(1) The counit of the bar-cobar adjunction ε κ : Ω κ B κ A ∼ − → A is a quasi-isomorphism of dg Palgebras, for every dg P-algebra A.
(2) The unit of the bar-cobar adjunction υ κ : C ∼ − → B κ Ω κ C is a weak equivalence of conilpotent dg P ¡ -coalgebras, for every conilpotent dg P ¡ -coalgebra C.
Proof. The first point follows from [LV12, Theorem 11.3.6 and Corollary 11.3.8]. For the second point, we consider the following filtration induced by the weight filtration of C:
Since the unit of adjunction υ κ is equal to the composite
it preserves the respective filtrations by Proposition 2.2-(2). The associated graded morphism is equal to
where the right-hand side is isomorphic to B κ Ω κ gr C ∼ = (P ¡ • κ P) • (gr C, d gr C ). Since the operad P is Koszul, its Koszul complex is acyclic, P ¡ • κ P ∼ − → I, which proves that the unit υ κ is a filtered quasiisomorphism. Finally, we conclude that the unit υ κ is a weak-equivalence by the same arguments as the ones used in the proof of Proposition 2.3.
Fibrations and cofibrations.
Let us first recall that the coproduct A ∨ B of two P-algebras (A, γ A ) and (B, γ B ) is given by the following coequalizer
where one map is induced by the partial composition product P • (1) P → P of the operad P and where the other one is equal to P • (Id A⊕B ; γ A + γ B ). When B = P(V ) is a free P-algebra, the coproduct A ∨ P(V ) is simply equal to the following coequalizer
As usual, see [Hov99] , we denote by D n the acyclic chain complex
concentrated in degrees n and n − 1. We denote by S n the chain complex
concentrated in degrees n. The generating cofibrations of the model category of dg modules are the embeddings I n : S n−1 D n and the generating acyclic cofibrations are the quasi-isomorphisms J n : 0 ∼ D n . So, in the cofibrantly generated model category of dg P-algebras, the relative P(I)-cell complexes, also known as standard cofibrations, are the sequential colimits of pushouts of coproducts of P(I)-maps. Since we are working over a field K, such a pushout is equivalent to
where V is a graded module, α : V → A is a degree −1 map, with image in the cycles of A. The dg P-algebra A ∨ α P(V ) is equal to the coproduct of P-algebras A ∨ P(V ) endowed with the differential given by d A and by the unique derivation which extends the map
Hence a standard cofibration of dg P-algebras is a morphism of dg P-algebras A (A ∨ P(S), d), where the graded module S admits an exhaustive filtration
In the same way, a standard acyclic cofibration, or relative P(J)-cell complex, is a morphism of dg P-algebras A A ∨ P(M ), where the chain complex M is a direct sum M = ⊕ ∞ i=1 M i of acyclic chain complexes. Finally, any cofibration (resp. acyclic cofibration) is a retract of a standard cofibration (resp. standard acyclic cofibration) with isomorphisms on domains.
Let (A, d A ) be a dg P-algebra and let (V, d V ) be a chain complex. Let α : V → A be a degree −1 map such that the unique derivation on the coproduct A ∨ P(V ), defined by d A , d V and α, squares to 0. In this case, the dg P-algebra produced is still denoted by A ∨ α P(V ).
Lemma 2.7. Under the aforementioned assumptions, the embedding A A ∨ α P(V ) is a standard cofibration of dg P-algebras.
Proof. Since we are working over a field K, any chain complex V decomposes into Proposition 2.8. Let (C, ∆ C ) be a dg P ¡ -coalgebra and let C ⊂ C be a dg sub-P ¡ -coalgebra such that
The image of the inclusion C C under the cobar construction Ω κ is a standard cofibration of dg P-algebras.
Proof. Since we are working over a field K, there exists a graded sub-module E of C such that C ∼ = C ⊕E in the category of graded K-modules. Forgetting the differentials, the underlying P-algebra of the cobar construction of C is isomorphic to
Under the decomposition C ∼ = C ⊕ E, the differential d C of C is the sum of the following three terms:
By the assumption, the degree −1 map
actually lands in P(C ). So the morphism of dg P ¡ -coalgebras Ω κ C → Ω κ C is equal to the embedding A A ∨ α+β P(E), where A stands for the dg P-algebra Ω κ C . We conclude the present proof with Lemma 2.7.
Theorem 2.9.
(1) The cobar construction Ω κ preserves cofibrations and weak equivalences.
(2) The bar construction B κ preserves fibrations and weak equivalences.
Proof.
(1) Let f : C D be a cofibration of conilpotent dg P ¡ -coalgebras. For any n ∈ N, we consider the dg sub-P ¡ -coalgebra of D defined by
where F n−1 D stands for the weight filtration of the P ¡ -coalgebra D. By convention, we set
). So, we can apply Proposition 2.8 to show that the maps
are standard cofibrations of dg P-algebras. Finally, the map Ω κ f is a cofibration as a sequential colimit of standard cofibrations. The cobar construction Ω κ preserves weak equivalences by definition. Since the image of a retract under the cobar construction Ω κ is again a retract, weak equivalences W of conilpotent dg P ¡ -coalgebras are stable under retract by the axiom (MC 3) for dg P-algebras.
Let f : C D be a fibration F of conilpotent dg P ¡ -coalgebras and let g : E → F be a retract of f . Let c : G ∼ H be an acyclic cofibration fitting into the following commutative diagram.
By the lifting property, there exists a map α : H → C making the first rectangle into a commutative diagram. Finally, the composite pα makes the first square into a commutative diagram, which proves that the map g is a fibration.
The factorization axiom (MC 5) for dg P-algebras allows us to factor Ω κ f into
By definition of the pullback, there exists a morphismĩ :
We shall now prove that the two mapsp andĩ are respectively a fibration and a cofibration. First, the map B κ p is a fibration by Theorem 2.9-(2). Since fibrations are stable under base change, the morphismp is also a fibration. As a cofibration of dg P-algebras, the map i : Ω κ C A is a a retract of a standard cofibration, with isomorphisms on domains, and so is a monomorphism. The composite (B κ i)(υ κ C) is actually equal to the following composite
Since its first component on A ∼ = I(A) ⊂ P ¡ (A) is equal to the restriction i C on C, it is a monomorphism. We conclude that the morphismĩ is a monomorphism by Lemma A.1, proved in the appendix.
If the map i (resp. p) is a quasi-isomorphim, then the map B κ i (resp. B κ p) is a weak equivalence by Theorem 2.9-(2). Recall that the unit of adjunction υ κ is a weak equivalence by Theorem 2.6-(2). Assuming Lemma A.1, that is j : B κ A × BκΩκD D ∼ → B κ A being a weak equivalence, we conclude that the mapĩ (resp.p) is a weak equivalence by the above axiom (MC 2). (MC 4) [Lifting property] We consider the following commutative diagram in the category of conilpotent dg
where c is a cofibration and where f is a fibration. If moreover the map c is a weak equivalence, then there exists a morphism α such that the two triangles commute, by the definition of the class F of fibrations. Let us now prove the same lifting property when the map f is a weak equivalence. Using the aforementioned axiom (MC 5), we factor the map f into f =pĩ, whereĩ is a cofibration andp a fibration. By the axiom (MC 2), both mapsp andĩ are weak equivalences. By the definition of fibrations, there exists a lifting r :
It remains to find a lifting in the diagram
which, by the pullback property, is equivalent to finding a lifting in
To prove that such a lifting exists, it is enough to consider the following dual diagram under the bar-cobar adjunction 1.4.
Since the cobar construction preserves cofibrations, by Theorem 2.9-(1), and since the map p is an acyclic cofibration, we conclude by the lifting axiom (MC 4) in the model category of dg P-algebras.
2.6. Fibrant and cofibrant objects. Since cofibrations are monomorphisms, every conilpotent dg P ¡ -coalgebra is cofibrant. Let us now prove that a conilpotent dg P ¡ -coalgebra is fibrant if and only if it is isomorphic to a quasi-free dg P ¡ -coalgebra.
-coalgebra isomorphic to a quasi-free dg P ¡ -coalgebra. The codifferential d µ endows A with a P ∞ -algebra structure, so C ∼ = B ι A. We consider the unit υ : shows that the map ρ is an ∞-morphism, which is right inverse to υ, i.e. ρυ = id A . This allows us to write the conilpotent dg P ¡ -coalgebra C as a retract of its bar-cobar construction B κ Ω κ C:
Since the dg P-algebra Ω κ C is fibrant and since the bar construction B κ preserves fibrations by Theorem 2.9-(2), then the bar-cobar construction B κ Ω κ C is a fibrant conilpotent dg P ¡ -coalgebra. We conclude with the general property that fibrant objects are stable under retract.
In the other way round, let C be a fibrant conilpotent dg P ¡ -coalgebra. By definition of the fibrations of conilpotent dg P ¡ -coalgebras, there exists a lifting r in the following commutative diagram
which makes C into a retract of its bar-cobar construction. Since the map r preserves the respective weight filtrations, its first component P(C) → Prim C on F 0 induces the following projection onto PrimC
Let us now prove that it satisfies the universal property:
; ; w w w w w w w w w w
for any conilpotent dg P ¡ -coalgebra D and any chain map f . We consider the chain map f defined by
It is straightforward to see that its composite with the map p is equal to f . It is a morphism of P ¡ -coalgebras by the following commutative diagram
The uniqueness of f is proved by induction on the weight filtration F n D of D. Therefore, the conipotent P ¡ -coalgebra C is isomorphic to C ∼ = P ¡ (Prim C).
2.7. Quillen equivalence. Now that Theorem 2.1-(1) is proved, Theorem 2.9 states that the bar-cobar adjunction
forms a Quillen functor. Let us prove Point (3) of Theorem 2.1: the bar-cobar adjunction is a Quillen equivalence.
Proof. (of Theorem 2.1-(3)) Recall that any dg P-algebra is fibrant and that any conilpotent dg P ¡ -coalgebra is cofibrant, in the respective model category structures considered here. Let A be a dg P-algebra and let C be a conilpotent dg P ¡ -coalgebra. We consider two maps f : Ω κ C → A and g : C → B κ A , which are sent to one another under the bar-cobar adjunction.
If the map f is a quasi-isomorphism, then the map B κ f is a filtered quasi-isomorphism of conilpotent dg P ¡ -coalgebras by Proposition 2.4 and so a weak equivalence by Proposition 2.3. Since the map g is equal to the following composite with the unit of adjuction
then it is a weak equivalence by Theorem 2.6-(2).
In the other way round, if the map g is a weak equivalence, then the map Ω κ g is a quasi-isomorphism of dg P-algebras by definition. Since the map f is equal to the following composite with the counit of adjuction
then it is a quasi-isomorphism by Theorem 2.6-(1).
Corollary 2.10. The induced adjunction
is an equivalence between the homotopy categories.
CONCLUSION
The following result refines Theorem 1.1: it gives a finer control of the "inverse" ∞-quasi-isomorphism.
Theorem 3.1. Any ∞-quasi-isomorphism admits a homotopy inverse.
Proof. By Proposition 11.4.11 of [LV12] , any ∞-quasi-isomorphism f : A ∼ A induces a weak equiva-
between fibrant-cofibrant conilpotent dg P ¡ -coalgebras. By the general model category arguments, this latter one admits a homotopy inverse, which translated back on the level of P ∞ -algebras gives the result.
Theorem 3.2. The following categories are equivalent
Proof. By Corollary 2.10 of Theorem 2.1-(3), the total derived functors
form an equivalence of categories. By the general arguments of model categories, the right-hand category is equivalent to the category of fibrant-cofibrant conilpotent dg P ¡ -coalgebras modulo the homotopy relation. So by Theorem 2.1-(2), we get the following equivalence of categories
We use the equivalence between the category of quasi-free P ¡ -coalgebras and the category of P ∞ -algebras with their ∞-morphisms. We conclude with Theorem 1.2, which shows that the (Ω κ B ι , i)-adjunction induces the following equivalence of categories
APPENDIX A. A TECHNICAL LEMMA
Lemma A.1. Let A be a dg P-algebra and let D be a conilpotent dg P ¡ -coalgebra. Let p : A Ω κ D be a fibration of dg P-algebras. The morphism j :
is an acyclic cofibration of conilpotent dg P ¡ -coalgebras.
Proof. We consider the kernel K := Ker(p) of the map p : A Ω κ D, which is a sub-dg P-algebra of A. The short exact sequence
of dg P-algebras splits in the category of graded P-algebras since the underlying P-algebra of Ω κ D = P(D) is free. The induced isomorphism of graded P-algebras A ∼ = K ⊕ P(D) becomes an isomorphism of dg P-algebras when the right-hand side is equipped with the transferred differential, which the sum of the following three terms Notice that K ⊕ P(D) endowed with the P-algebra structure given by P(K ⊕ P(D)) P(K) ⊕ P(P(D))
is the product of K and P(D) in the category of graded P-algebras. Since the bar construction is right adjoint, it preserve the limits and thus the products. This induces the following two isomorphisms of conilpotent dg P ¡ -coalgebras
with both right-hand sides equipped with an additional differential coming from d . Under these identifications, the initial pullback becomes
Since the unit of adjunction υ κ D is monomorphism, so is the map j, which is therefore a cofibration.
It remains to prove that id × υ κ D is again a weak-equivalence when the twisted differentials, coming from d , are taken into account. We will prove that this is a filtered quasi-isomorphism with the same kind of filtrations as in the proof of Theorem 2.6.
We notice first that the product of two P ¡ -coalgebras is given by an equalizer dual to the coequalizer introduced at the beginning of Section 2.4 to describe coproducts of P-algebras. So the product P ¡ (K)×D is a conilpotent sub-P ¡ -coalgebra of the conilpotent cofree P ¡ -coalgebra P ¡ (K ⊕ D). We filter the latter one by
and we denote by F n (B κ K × D) the induced filtration on the product B κ K × D. In the same way, we filter the product B κ K × B κ Ω κ D, whose underlying conilpotent P ¡ -coalgebra is P ¡ (K ⊕ P(D)), by
where
The respective differentials and the map id × υ κ D preserve these two filtrations. Let us now prove that the associated map gr(id × υ κ D) = id × gr(υ κ D) is a quasi-isomorphism with the twisted differentials coming for d . We now consider the filtration F n (B κ K × grD) induced by
We introduce the filtration F n (B κ K × B κ Ω κ grD) given by
where
F n P(grD) := k≥1, n 1 +···+n k +k≤n P(k) ⊗ S k (gr n1 D ⊗ · · · ⊗ gr n k D) .
The respective differentials and the map id × gr(υ κ D) preserve these two filtrations. By their definitions, the part of the differential coming from d , and only this part, is killed on the first page of the respective spectral sequences. By the same arguments as in the proof of Theorem 2.6, we get a quasi-isomorphism between these first pages. Since the two aforementioned filtrations are bounded below and exhaustive, we conclude by the classical convergence theorem of spectral sequences [ML95, Chapter 11]. 
